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Abstract

This paper studies the impact of Affirmative Action in a hierarchical

education framework, explicitly taking students competition for higher ed-

ucation opportunity into account. Initial racial inequality translates into

inferior development opportunity for students in the disadvantaged group,

thus higher education admission based purely on test score ranking is actu-

ally discriminatory against the historically discriminated. Without policy

intervention, hierarchical education exacerbates racial inequality. Affirma-

tive Action improves racial equality, and need not invoke efficiency loss.

When initial competition is too low among students, Affirmative Action

can increase competition and lead to more effort and higher human capital

achievements for all students.
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1. Introduction

In the United States, Affirmative Action has been adopted to improve social equal-

ity since the Civil Rights movement. The policy effect on social equality as well

as that on aggregate efficiency has been the focus of a small yet growing litera-

ture.1 Within the labor market, Schotter and Weigelt (1992) uses a two-player

asymmetric tournament model to show that Affirmative Action giving preferential

treatment to one player always comes at the expense of the other player, so their

optimal efforts change in opposite directions, and the aggregate effect depends on

the magnitude of initial asymmetry. Based on the statistical discrimination mod-

els initiated by Arrow (1973) and Phelps (1972), Coate and Loury (1993) shows

that Affirmative Action may have ambiguous effect in eliminating the negative

stereotype. In certain cases it induces more effort and hence better qualification

from the favored group; yet in other cases it has the opposite effect when employ-

ers are induced to patronize the under-qualified employees from the favored group.

Chung (1999) models this patronization as an implementation problem within the

mechanism design framework. He shows that more complicated forms of Affirma-

tive Action can selectively eliminate the undesirable equilibria associated with

simple forms of Affirmative Action in the labor market.

Another strand studies the policy effect within the education framework. Chan

and Eyster (2003) shows that explicit Affirmative Action is the most efficient way

to achieve racial diversity. When the distribution of qualification differs across

racial groups, race-conscious Affirmative Action can select the best-qualified stu-

dents within each group, while race-blind admission policies achieve racial diver-

sity at the cost of lower entering student quality. De Fraja (forthcoming) also

shows that Affirmative Action is an efficient form to allocate public education

subsidy. Given the tax distortion associated with public education subsidy, if the

1See Holzer and Neumark (2000) for an excellent survey of this literature.
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government has only information on group distribution but not individual quali-

fication, it is less costly to give preferential treatment to the disadvantaged group

since it has fewer individuals with high qualifications.

The current paper distinguishes from the existing literature in two aspects.

First, relevant to both the labor market and the education process, within-group

competition plays a crucial role yet has been largely overlooked in the literature.

When within-group competition is absent, as in the two-player setup in Schotter

and Weigelt (1992), preferential treatment to one player always comes at the ex-

pense of the other player, so Affirmative Action has opposite effect on the two

players’ optimal efforts, and hence always involves efficiency trade-off. Yet in

reality most Affirmative Action policies apply to a disadvantaged group instead

of a single individual. Within-group competition thus arises when individuals in

the disadvantaged group compete for the potential benefit, and individuals in the

advantaged group compete to avoid the potential cost associated with Affirmative

Action. Adding within-group competition into the analysis allows the possibil-

ity that individuals in both groups increase their efforts when Affirmative Action

introduces more competition, despite the fact that one group’s improved oppor-

tunity always comes at the expense of the other group’s worsened opportunity.

Thus Affirmative Action need not invoke efficiency trade-off between groups, and

consequently may improve social equality without hurting aggregate efficiency.

The other distinguishing feature of the current paper is specific to the edu-

cation process, which is intrinsically hierarchical. Students have to finish basic

education successfully before attending higher education. More importantly, their

academic achievements at basic education improves their learning efficiency at

higher education. Put in a tournament model, student effort at basic education

affects not only the probability of winning the tournament, i.e., getting higher

education admission, but also the size of the prize, i.e., the value of the higher

education opportunity. Yet this dynamic relationship in human capital accumu-
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lation across education stages has again be overlooked in the literature, as the

distribution of student qualification (and learning efficiency) is assumed exoge-

nous and invariant when Affirmative Action is considered, as in Chan and Eyster

(2003) and De Fraja (forthcoming). Allowing individual response to Affirmative

Action and hence endogenizing the distribution of qualification lends extra sup-

port to the justification of Affirmative Action, which has faced a series of attacks

recently. With education hierarchy, existing social inequality translates into in-

ferior development opportunity for children within the disadvantaged group, so

higher education admission based purely on test score ranking is actually discrim-

inatory against the historically discriminated and exacerbates social inequality.

Affirmative Action, on the other hand, serves as an effective means to redress

problems resulting from historical discrimination, and improve social equality.2

This paper studies the policy effect of Affirmative Action in a hierarchical

education framework, explicitly taking student competition for higher education

opportunity into account. The two-stage education model follows directly from Su

(2004a, 2004b), which proves extremely useful when analyzing education policies

at a specific stage in the education process. In this model there is no fundamen-

tal difference between racial groups, except for the gap in initial human capital

endowment resulting from historical discrimination. Without policy intervention,

limited access to higher education based purely on test score ranking exacerbates

racial inequality. With policy intervention, Affirmative Action improves racial in-

equality. Furthermore, the goal of improving racial equality need not be at conflict

with improving aggregate efficiency. When higher education capacity is not too

limited, and when initially there is little competition among students, Affirmative

Action can introduce more competition, induce more efforts and lead to higher

2For court rulings on the conditions under which Affirmative Action is not unconstitutional,

see Regent of the University of California v. Bakke, Podberesky v. Kirwan, Hopwood v. State

of Texas and the two recent Michigan cases Grutter v. Bollinger and Gratz v. Bollinger.

4



human capital achievements for all individuals in both groups. Two forms of Af-

firmative Action are considered, where the policy effect differs only quantitatively

but not qualitatively.

The rest of the paper is structured as follows. Section 2 introduces the two-

stage education model. The equilibrium outcome without Affirmative Action is

studied in section 3. Section 4 analyzes the impact of one form of Affirmative

Action in higher education admission, namely a certain number of college seats

are reserved for the disadvantaged group. Analytical results together with some

numerical examples are characterized. As robustness test, another form of Affir-

mative Action is examined in section 5, where test scores are adjusted for students

from the disadvantaged group. Section 6 draws the conclusion. All proofs and

figures are in the Appendix.

2. Two-stage education model

This is a two-generation model with two groups.3 Within each group there is a

continuum of homogeneous individuals. We can call these two groups Red and

Green, or we can call them Black and White. There is no fundamental difference

between the two groups. However, due to historical discrimination, the black

group did not have as good development opportunity as the white group. As

a result, the black group has lower human capital endowment than the white

group, namely HB
−1
< HW

−1
, with the superscript r ∈ {B, W} denoting the group

and the subscript −1 denoting the parent generation. From now on all capital

letter variables represent group-wide average, with their small letter counterparts

representing individual choices within a group. Also normalize the population size

to 1, and the two groups are of measure λ and 1− λ respectively.

3This two-generation model can be easily extended to infinite horizon and hence infinite

generations recursively.
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A child accumulates human capital through two stages of education. Basic

education is provided locally according to the following technology, with the su-

perscript 1 denoting the basic education (first) stage:

hr,1 = AHr
−1
er,1 (1)

The basic education technology is pretty standard. It has two inputs: Hr
−1

the average human capital level of the parents within the child’s own group; and

er,1 the child’s learning effort at this stage.4 Empirical evidence shows that de-

pending on their socioeconomic background, different racial groups self select into

different communities, which differ drastically in their schooling quality. This de

facto segregation implies that black students face inferior development opportu-

nity compared to their white peers.5 The group-wide average Hr
−1
is thus used to

capture the "community effect".

After finishing basic education, a student may have the opportunity of at-

tending higher education, which has the following education technology, with the

superscript 2 denoting the higher education (second) stage:

hr,2 = Bhr,1er,2 (2)

The higher education technology explicitly captures the dynamic relationship

in human capital accumulation. It parallels that in basic education and also has

4For all subsequent analysis, it makes no difference whether we use the group-wide average

Hr
−1
or the individual parent human capital hr

−1
as an iuput. It only makes a difference when the

two-generation model is extended to infinite horizon and when ex ante homogeneous individuals

within a group become ex post heterogenous depending on whether they get higher education

admission or not. It then is much easier to adopt the current specification for tractability of the

state space overtime.
5See Currie and Thomas (1995), Neal and Johnson (1996), and Rogers and Spriggs (1996),

among others, for the impact of inferior family background and neighborhood characteristics on

children’s academic performance.
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two inputs: hr,1 the child’s qualification for higher education and er,2 his learning

effort at this stage. That the learning efficiency in higher education depends

on the human capital output from basic education is intrinsic to the hierarchical

education process. Also for simplicity, it is assumed that higher education does not

depend on group characteristics directly, although indirectly group characteristics

enter through the education hierarchy.

While basic education is universally available, higher education has capacity

constraint. More specifically, out of the entire population, there is only a fraction

Σ, with 0 < Σ < 1, that can get higher education admission. As a result, a student

perceives his probability σr of attending higher education (the determination of

which is given by the admission policy and to be discussed later), and he chooses

er,1 and er,2 to maximize his expected utility:

hr,1 + θ1 ln(1− e
r,1) + σr(hr,2 + θ2 ln(1− e

r,2)) (3)

With or without Affirmative Action, the admission policy is always merito-

cratic. It is based on students’ test scores in the matriculation exam; and within

the properly defined sub-population for consideration, those with higher scores

are admitted before those with lower scores. However, the test score is only an

imperfect measure of the human capital output from basic education:

sr = hr,1 + ε (4)

where ε is a mean zero random variable, independently and identically distrib-

uted across individuals, with the cumulative distribution function G(ε) and the

probability density function g(ε) = G′(ε).

Definition Given an admission policy, for r ∈ {B, W}, a symmetric equilib-

rium consists of individual learning effort in basic and higher education {er,1t,i , e
r,2},
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individual perceived probability of higher education σr, together with the group-

wide learning effort in basic and higher education {Er,1, Er,2}, and group-wide

probability of higher education Σr, such that:

(1) Given σr, er,1 and er,2 maximize the individual’s expected utility;

(2) Given EB,1 and EW,1, σr is consistent with the admission policy for r ∈

{B, W};

(3) Symmetry: er,1 = Er,1, er,2 = Er,2 and σr = Σr;

(4) Capacity constraint: λΣB + (1− λ)ΣW = Σ.

3. No Affirmative Action

As a benchmark, when there is no higher education in the economy, or equivalently,

when a student perceives zero probability in both attending higher education

and in improving his probability of attending higher education, his optimization

problem is reduced to the choice er,1 only, with the first order condition given by:

AHr
−1
=

θ1

1− er,1
(5)

Assumption 1. AHB
−1
> θ1

The Inada condition on leisure guarantees that er,1 is bounded below 1. As-

sumption 1 implies that AHW
−1
> AHB

−1
> θ1, so e

r,1 as the solution to (5) is also

bounded above 0 and is an interior solution. This assumption simply says that

at the basic education stage, leisure is not valued too much compared to learning

and hence consumption, so that individuals find it worthwhile to invest in human

capital accumulation.

When a student perceives positive probability of attending higher education,

he can always wait to choose er,2 after the uncertainty of whether he actually

gets higher education admission or not is resolved. Consequently the first order
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condition on er,2 is deterministic and independent of the perceived probability σr:

er,2∗ = 1−
θ2

ABHr
−1
er,1

(6)

Assumption 2. B(AHB
−1
− θ1) > θ2

Again the Inada condition on leisure guarantees that er,2 is bounded below

1. Assumption 2 implies that B(AHW
−1
− θ1) > B(AHB

−1
− θ1) > θ2, so e

r,2∗ is

bounded above 0 when er,1 = er,1 ≡ 1− θ1
AHr

−1

from (5). As will become clear in a

moment, individual optimal choice of er,1 is always at least as high as er,1, so er,2∗

is always an interior solution.

It is obvious from (6) that individual optimal effort in higher education er,2∗

depends positively on his effort in basic education er,1. This positive dependence

reflects the dynamic relationship in human capital accumulation through educa-

tion hierarchy. When a student works hard in basic education, he accumulates

more human capital and is better prepared for higher education. This better

learning efficiency in turn enhances the rate of return on higher education and

leads to more effort.

As can be easily seen, higher education has zero value when an individual

invests zero effort in it. With the optimal effort er,2∗ > 0, the value of higher

education becomes positive:

vr,2(er,1) = ABHr
−1
er,1er,2∗ + θ2 ln(1− e

r,2∗) > 0 (7)

The net benefit of higher education induces students to work hard and compete

for the limited opportunity by out-performing others in the exam. This is the

source of competition.

Assumption 3a. ε ˜ dist.[ε, ε] such that AHB
−1
+ ε < AHW

−1
+ ε

Under Assumption 3a, the random variable ε affecting the test score has a

bounded support [ε, ε]. Moreover, the support is small relative to the initial
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racial gap in human capital. If individuals choose er,1 = er,1 in basic education,

then Assumption 3a implies that AHB
−1
−θ1+ε < AH

W
−1
−θ1+ε, namely even the

most lucky black student has a lower score than the least lucky white student, and

there is perfect stratification between the two groups.6 As will become clear in a

moment, a positive probability of higher education for white but not black students

will magnify the gap in their optimal efforts and hence test scores, so that perfect

stratification between the two groups remains. In the benchmark case without

Affirmative Action, this perfect stratification assumption rules out between-group

competition, and allows us to focus on the within-group competition for the limited

higher education opportunity.

Within-group competition arises when, taking other students’ decisions as

given, a student can increase his own chance of getting higher education admission

by investing more effort in basic education and getting better test score. With-

out Affirmative Action, perfect stratification implies that the limited capacity for

higher education is filled first by white students only. With little loss of generality,

it is assumed that Σ < 1− λ,7 so that ΣW = Σ

1−λ
< 1, and there is within-group

competition for higher education among white students.

When the continuum of all other white students choose the learning effort EW,1

in basic education, they have identical human capital output from basic education

HW,1 = AHW
−1
EW,1. Since ε is independently and identically distributed, test

scores of all other white students follow the distribution HW,1 + ε. Thus the

cut-off test score for higher education admission is given by:

ŝ = HW,1 + ε̂ = HW,1 +G−1(1−
Σ

1− λ
) (8)

6This condition can also be interpreted as that the matriculation exam can always be designed

to a sufficient precision level so that there is perfect stratification between the two groups.

Chan and Eyster (2002) studies individual preferences over matriculation exams with different

precision levels.
7Parallel analysis applies to the case when Σ ≥ 1− λ.
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Taking the test score distribution as given, a white student with learning effort

eW,1 perceives his own probability of getting higher education admission as

σW = Pr(hW,1 + ε ≥ ŝ) = 1−G(HW,1 − hW,1 + ε̂) (9)

Hence the within-group competition is represented by the positive marginal effect

of investing more effort in basic education on improving his own probability σW :

∂σW

∂eW,1
= g(HW,1 − hW,1 + ε̂)AHW

−1
> 0 (10)

In a symmetric equilibrium hW,1 = HW,1, so σW = ΣW and ∂σW

∂eW,1
= g(ε̂)AHW

−1
,

with the marginal effect increasing with the degree of within-group competition

measured by the probability density at the cut-off point g(ε̂).

Utilizing (6) and 7), now the first order condition on eW,1 is given by the

following:

AHW
−1
+ σWABHW

−1
eW,2∗ +

∂σW

∂eW,1
vW,2(eW,1) =

θ1

1− eW,1
(11)

This is the central equation of the model, which we will return to frequently in the

subsequent analysis of the policy impact of Affirmative Action. Intuitively, the

right-hand side term θ1
1−eW,1

represents the marginal cost of learning effort in basic

education, which is the foregone leisure. The left-hand side represents the marginal

benefit, which can be decomposed into three distinct terms. The first term AHW
−1

reflects how the learning effort in basic education produces human capital in its

own name, which contributes to wage income regardless of the higher education

opportunity. The second term σWABHW
−1
eW,2∗∗ shows how with probability σW ,

the learning effort in basic education improves the learning efficiency in higher

education, and hence contributes to the human capital output and wage income.

The third term ∂σW

∂eW,1
vW,2(eW,1) captures the within-group competition effect, where

putting more effort in basic education increases individual probability of getting

higher education admission by ∂σW

∂eW,1
, the value of which is vW,2(eW,1).
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While the marginal cost curve is increasing and convex, the marginal benefit

curve may be either increasing or decreasing. As can be easily checked, when

eW,1 = eW,1, marginal benefit is bigger than marginal cost; yet when eW,1 is suf-

ficiently close to 1, marginal cost is bigger than marginal benefit. Hence the

marginal benefit curve cuts the marginal cost curve from above at least once,

which produces a local maximum. It is assumed that the two curves cross once

and only once, so the unique local maximum is also the global maximum.

As for a black student, perfect stratification implies that σB = ΣB = 0

and ∂σB

∂eB,1
= 0. So his optimal choice is eB,1 = eB,1. Compared to (11), while

the marginal cost curve for a black student remains the same as that for a

white student, the marginal benefit curve shifts downward due to the two miss-

ing components associated with higher education. Consequently in equilibrium

eB,1∗ = eB,1 < eW,1 < eW,1∗. Overall the lack of higher education opportunity

hurts black students not only in the missing higher education stage, but also in

the basic education stage by repressing their optimal learning efforts.

Proposition 1. With inferior development opportunities for black students in

basic education, limited access to higher education without Affirmative Action

exacerbates the racial inequality.

Proof. See the Appendix.

This Proposition lends extra support to the (legal) justification for Affirmative

Action in higher education, based on the intrinsic hierarchy in the education

process. Initial racial inequality resulting from historical discrimination translates

into inferior development opportunity for black students at the basic education

stage. As a result, the seemingly fair admission policy at higher education, based

purely on test score ranking but not racial identity, is actually discriminatory

against the historically discriminated and exacerbates racial inequality.

12



If policy intervention is called for to redress this problem, the least controver-

sial practice would be to "level the playing field". As Steele (1990) writes, "Give

my children fairness; give disadvantaged children a better shot at development -

better elementary and secondary schools, ..., safer neighborhoods, ..., and so on

(pp. 124)." In the terminology of the current model, the economy-wide average

human capital level of the parent generation would replace the group-specific vari-

ables at the basic education stage. However, "leveling the playing field" implies

sizeable expenditure from the central government to improve schooling quality

at poorer communities, which may not be fiscally feasible. On the other hand,

Affirmative Action in higher education admission incurs little explicit cost, and

simply redistributes some higher education opportunity from the white group to

the black group. In the next two sections we will focus on the potential im-

plicit cost of Affirmative Action measured by the efficiency loss in individual and

aggregate human capital accumulation.

4. Affirmative Action I: college seats allotment

In this section, we consider one form of Affirmative Action in higher education

admission policy, when a fixed number of college seats is reserved for the disad-

vantaged group.8 Essentially this admission policy split the total higher education

opportunity into two group-specific opportunities ΣB and ΣW , and allows students

to compete only with their peers in the same group. Within each group, students

are ranked by their test scores, and those with higher scores get admission up to

the allotted group seats. Under this policy between-group competition is again

excluded, and we can conveniently focus on the role of within-group competition.

Compared to the benchmark case without Affirmative Action where ΣB =

8Even though this practice has been ruled unconstitutional in the Bakke case, it provides a

good starting point in understanding the efficiency impact of Affirmative Action..
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0 and ΣW = Σ

1−λ
, now Affirmative Action in higher education admission sets

ΣB > 0 and ΣW = Σ−λΣB

1−λ
satisfying the capacity constraint. Affirmative Action

increases the higher education opportunity for the black group at the expense of

the white group. Yet with within-group competition, the change in the group-wide

probability does not directly translate into corresponding change in individual

perceived probability of higher education, and hence optimal learning effort at

basic education.

Proposition 2. Affirmative Action, which increases the higher education oppor-

tunity for black students from ΣB = 0 to ΣB > 0, leads to higher learning effort

and higher human capital achievement for all black students.

Proof. See the Appendix.

It is natural to expect that Affirmative Action improves the human capital

achievement for those "lucky" black students who could not otherwise get higher

education admission. But the effect of Affirmative Action extends beyond that. It

induces higher learning effort at basic education for all black students, even if ex

post they do not attend higher education. Due to the dynamic relationship in hu-

man capital accumulation through the education hierarchy, a positive probability

of higher education per se increases the expected return on learning effort at basic

education, in that it can improve the learning efficiency when a black student

does get higher education admission. Moreover, the positive net benefit of higher

education induces all black students to compete for the opportunity by investing

more effort in basic education and outperforming others in the exam. In the sym-

metric equilibrium all black students end up choosing the same effort level, but

it is significantly higher with the presence of within-group competition than its

absence. This magnifying effect makes Affirmative Action, even at a small scale,

an effective remedy for racial inequality resulting from historical discrimination.
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On the other hand, even Affirmative Action leads to a lower probability of

higher education for the white group, it does not necessarily imply lower learning

effort for all white students. The policy effect depends critically on the change in

the degree of within-group competition, which, according to (10), can be measured

by the probability density at the cut-off point g(ε̂).

Assumption 4a. The PDF g(ε) is continuous and unimodal, i.e., there exists

ε̃ ∈ [ε, ε] such that g(ε̃) is the highest; g(ε) is increasing for ε ∈ [ε, ε̃) and

decreasing for ε ∈ (ε̃, ε].

Proposition 3. When Affirmative Action lowers the degree of competition among

white students, namely g(G−1(1 − Σ−λΣB

1−λ
)) < g(G−1(1 − Σ

1−λ
)), it leads to lower

learning effort and lower human capital achievement for all white students; when

Affirmative Action sufficiently increases the degree of competition, namely g(G−1(1−
Σ−λΣB

1−λ
)) � g(G−1(1 − Σ

1−λ
)), it leads to sufficiently higher learning effort in ba-

sic education and higher human capital achievement for all white students; in

between the results are mixed.

Proof. See the Appendix.

This proposition clearly illustrates how within-group competition plays an es-

sential role in determining the policy impact of Affirmative Action on human

capital accumulation for white students. When the total capacity of higher edu-

cation is very limited, namely G−1(1− Σ

1−λ
) > ε̃, introducing Affirmative Action

would further cut the higher education opportunity for the white group. As it is

now too hard to get, white students just give up and choose lower effort. Then

efficiency trade-off is unavoidable in human capital accumulation between the two

groups. On the other hand, if the total capacity of higher education is not too

limited, namely G−1(1 − Σ

1−λ
) < ε̃, introducing Affirmative Action would add

some competition pressure. As it is initially too easy to get but now somewhat
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more difficult, white students choose more effort in the attempt of securing their

opportunities. Depending on the shape of the probability density function g(ε), if

the increase in the within-group competition effect is strong enough, it may offset

the negative impact from lower group-wide probability of higher education. In

that case, Affirmative Action improves human capital accumulation for the entire

population, and efficiency trade-off between the two groups need not arise. This

possibility is illustrated by the numerical examples below.

Numerical example 1. Parameters: HB
−1
= 2.5, HW

−1
= 3, λ = 0.2; A = 1.4,

B = 0.8, θ1 = 1, θ2 = 1; Σ = 0.79; and g(ε) is a symmetric triangle on [−0.2, 0.2].

With these parameters, the initial human capital inequality between the two

groups is 20%, namely the human capital endowment of the white group is 20%

higher than that of the black group for the parent generation. If there were only

basic education in this economy, since white students investment more effort than

black students according to (5), the resulting human capital inequality would be

28%.9 Yet with the higher education opportunity available only to the white

group, white students are induced to invest even more effort according to (11),

and the resulting human capital inequality becomes 56%, twice as high as that

without the education hierarchy. This illustrates the result given in Proposition

1, namely without Affirmative Action, limited access to higher education that is

based purely on test score ranking is actually discriminatory against the histori-

cally discriminated, and exacerbates the racial inequality.

The equilibrium outcomes under Affirmative Action policy intervention is re-

ported in Figure 1. In graph 1 and 2, the competition effect can be clearly seen

when the policy allots an increasing number of college seats from the white group

to the black group. For white students, the increase in within-group competition

9The lack of convergence in the human capital levels of the two groups overtime is an artifact

of the lack of concavity in the education production technology and does not change the main

results qualitatively.
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dominates the decrease in group-wide probability, so they monotonically increase

their effort in basic education. For black students, within-group competition in-

creases first and then starts to decrease, just as the probability density function

g(ε), and so does their effort in basic education. In graph 3 and 4, the human cap-

ital achievement for black students keeps increasing, and that for white students

increases first and then starts to decrease. So small scale of Affirmative Action

has positive impact on human capital accumulation for both groups, thanks to

the presence of within-group competition. In graph 5 and 6, the economy-wide

aggregate human capital and human capital inequality are reported. It can be

seen that small scales of Affirmative Action improve both aggregate efficiency and

equality.

Partly as a sensitivity test, numerical example 2 considers the case when higher

education technology is less productive, i.e., B = 0.45. The results are reported in

Figure 2. Here students value leisure more than learning at the higher education

stage, which in turn affects their effort at the basic education stage. For the

white group, the increase in within-group competition strongly dominates the

decrease in the group-wide probability, so both the learning effort and human

capital achievement increase with the Affirmative Action policy, mirroring that

for the black group. Affirmative Action has positive impact on aggregate efficiency

and equality, at both small and big scales.

In these examples, the critical condition is that the capacity of higher education

is not too limited. So without policy intervention, higher education is almost a

sure thing among white students, and there is little competition. Then Affirmative

Action introduces sufficiently strong within-group competition, and lead to the

desirable positive impact on human capital accumulation for both groups.

17



5. Affirmative Action II: test score adjustment

In this section we consider an alternative form of Affirmative Action: certain

points sB are automatically added to black students’ test scores before ranking

them with the white students.10 The analysis also serves as a robustness check on

the policy impact of Affirmative Action in various forms. Unlike the previous form

where between-group competition is excluded by policy design, the current form

does allow between-group competition. A student can increase his own probability

of getting higher education admission by outperforming not only students in his

own group, but also those in the other group. Hence the group-wide probability

ΣB and ΣW is not exogenously given, but arises as the equilibrium outcome from

competition.

For technical reasons, hereinafter we adopt an alternative assumption in place

of Assumption 3a.

Assumption 3b. ε ˜ dist(−∞, +∞)

With this assumption, there is never perfect stratification between the two

groups. No matter how big is the initial racial inequality in human capital en-

dowment, there is always a small yet positive probability that a sufficiently big

random shock shuffles the test score ranking. So even without policy interven-

tion, some black students will get higher education admission. The presence of

between-group competition even without policy intervention serves as a more suit-

able benchmark for comparison, and also is a very convenient technical feature

that guarantees the existence of an equilibrium. This will become clear in the

coming equation (17).

For arbitrary test score adjustment sB ≥ 0 (sB = 0 means no Affirmative

Action), there is a distribution of after-adjustment test scores for the entire popu-

10Or equivalently a lower entrance threshold is imposed for black students relative to that for

white students.
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lation, which depends on both the optimal effort for the two groups and the scale

of the policy. For this distribution, there exists a cut-off test score ŝ, such that all

students with scores above ŝ get higher education admission. Consequently, the

group-wide probability of attending higher education can be determined by

ΣB = Pr(HB,1 + sB + ε > ŝ) (12)

ΣW = Pr(HW,1 + ε > ŝ) (13)

In equilibrium, the cut-off test score ŝ is such that the capacity constraint in

higher education is satisfied:

λPr(HB,1 + sB + ε > ŝ) + (1− λ) Pr(HW,1 + ε > ŝ) = Σ (14)

Taking the cut-off test score ŝ as given, individual perceived probability of

getting higher education admission is

σB = Pr(hB,1 + sB + ε > ŝ) (15)

σW = Pr(hW,1 + ε > ε̂) (16)

Since a student competes with all other students in the population for the higher

education opportunity, the marginal effect of increasing learning effort in basic

education on higher education admission is the same for both groups:

∂σr

∂er,1
= (λg(ε̂B) + (1− λ)g(ε̂W ))AHr

−1
(17)

where ε̂B = G−1(1− ΣB) and ε̂W = G−1(1− ΣW ) in the equilibrium.11

11This characterization of the competition effect in (17) is only valid under Assumption 3b.

Otherwise, under Assumption 3a with ε ˜ dist[ε, ε], ∂σ
B

∂eB,1
= 0 when ε̂B < ε or ε̂B > ε, yet

∂σ
B

∂eB,1
= (λg(ε̂B) + (1 − λ)g(ε̂W ))AHB

−1
when ε̂B = ε or ε. Even if g(ε) = g(ε) = 0 under

Assumption 4a, since g(ε̂W ) > 0 for generic ε̂W , there is discontinuity in the competition

effect term for the black group. Parallel argument also shows that there is discontinuity in the

competition effect term for the white group. Assumption 3b is hence necessary for the Brouwer’s

fixed point theorem to apply so that an equilibrium exists.
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Proposition 4. Given the test score adjustment for black students sB, an equi-

librium exists.

Proof. See the Appendix.

Given an Affirmative Action policy sB, this proposition guarantees the exis-

tence but not the uniqueness of the equilibrium. Moreover, since the system of

equations governing the equilibrium is highly non-linear, no further analytical re-

sults can be obtained. However, it is intuitive to expect policy effects analogous

to the previous form of Affirmative Action. If Affirmative Action does not suffi-

ciently increase the degree of competition, efficiency trade-off seems unavoidable

in human capital accumulation between the two groups. Yet if Affirmative Action

does sufficiently increase the degree of competition, then both groups may choose

more effort and have higher human capital achievements. The following assump-

tion simply parallels that of Assumption 4a and serves as a natural extension to

measure the degree of competition over the infinite support.

Assumption 4b. The PDF g(ε) is continuous and unimodal, i.e., there exists

ε̃ ∈ (−∞, +∞) such that g(ε̃) is the highest; g(ε) is increasing for ε ∈ (−∞, ε̃)

and decreasing for ε ∈ (ε̃, +∞).

Again two numerical examples are provided to illustrate the policy effects.

All other parameters are taken from the previous examples. Now the distrib-

ution of ε, which has positive density on the entire real line, is assumed to be

ε ˜ normal (0, 0.08), where the standard deviation is chosen so that the normal

density closely resembles the triangle density used in the previous examples. Also

the standard deviation is small relative to the initial inequality in human capital

endowment, so the group-wide probability is essentially zero for the black group

without policy intervention.

Reported in Figure 3 is numerical example 3 with B = 0.8, a counterpart to

numerical example 1. It is easy to see that the main pattern remains the same
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while minor details differ. Small scale of Affirmative Action strongly increases the

degree of competition, induces both groups to invest more effort in basic education,

and leads to higher human capital achievements for both groups. It has positive

impact on both aggregate efficiency and equality in this economy. Compared

to college seats allotment where the two groups may face different degrees of

competition, test score adjustment implies the same degree of competition for

both groups, so the optimal effort levels for the two groups are somewhat parallel.

Reported in Figure 4 is numerical example 4 with B = 0.45, a counterpart

to numerical example 2. Again this specific form of Affirmative Action changes

the policy effects only quantitatively but not qualitatively. Since students value

leisure more than learning at the higher education stage, here even reasonably

big scale of Affirmative Action can have positive impact on improving student

effort and human capital achievement for both groups. Two minor differences are

worth noting. First, unlike the college seats allotment where aggregate efficiency

is strictly increasing with Affirmative Action, here aggregate efficiency eventually

drops when the test score adjustment becomes too large. Second, unlike all three

previous examples where human capital equality strictly improves with Affirma-

tive Action, here racial equality actually worsens in a small range before it starts to

improve. Nevertheless, the main results are robust to both education technology

parameters and various forms of Affirmative Action. Overall when competition for

higher education is initially low among students, Affirmative Action can introduce

more competition and lead to higher human capital achievements for both groups.

There need not be efficiency trade-off in human capital accumulation between the

two groups or efficiency loss in enhancing racial equality.
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6. Discussion and conclusion

This paper studies the policy impact of Affirmative Action in hierarchical educa-

tion, explicitly taking student competition for higher education opportunity into

account. It is shown that without policy intervention, limited access to higher edu-

cation that is based purely on test score ranking is actually discriminatory against

the historically discriminated, and exacerbates racial inequality. Affirmative Ac-

tion improves racial equality and need not invoke any efficiency loss in human

capital accumulation for either group. When the capacity for higher education is

not too limited, there is little competition among white students initially, Affirma-

tive Action can introduce more competition and lead to more learning effort and

higher human capital achievement for all students in both groups. Affirmative

Action thus has positive impact on both aggregate efficiency and social equality.

For tractability, this model assumes homogeneous individuals within each

group, so ex ante all black students share the same probability to benefit from Af-

firmative Action, and all white students face the same probability to pay the

cost for Affirmative Action. This assumption allows us to focus on the role

of within-group competition, yet without heterogeneous individuals within each

racial group, we cannot study the differential incidence of Affirmative Action

across individuals. As shown in Chan and Eyster (2002), under simple form of

Affirmative Action, the lower fraction of the white group bears most of the cost,

and the upper fraction of the black group reaps most of the benefit. In the current

model, if we further divide each racial group into multiple sub-groups differing in

their human capital endowment, it is intuitive to expect that the same mechanism

remains valid under finer tuned Affirmative Action, namely instead of choosing

ΣB and ΣW , the policy can specify ΣB,i for all the i black sub-groups, and ΣW,j

for all the j white sub-groups respectively. Model extension in this direction may

generate interesting results with regard to different sub-groups’ policy preferences
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and hence political support for Affirmative Action, and is left for future research.

In this model, there is no fundamental difference between racial groups. They

differ only by the initial human capital endowment. Consequently, what we call

racial inequality here can also be interpreted as income inequality. Affirmative

Action aimed at improving racial equality can also be viewed as "the War on

Poverty." Since the two-group model is readily extended to multiple groups, it

direct implication is that the door of higher education should never be completely

shut to those individuals with inferior socioeconomic background, as long as higher

education opportunity is also valuable to them. By redistributing some probability

of higher education from top groups with superior socioeconomic background to

bottom groups with inferior socioeconomic background, Affirmative Action can

introduce more competition at both the top and the bottom, and hence have

positive impact on aggregate efficiency and social equality.

While Affirmative Action faces many challenges within the United States re-

cently, it is being emphasized in other countries. Two examples are Britain and

India (The Economist, 2004). The British government recently issued tough new

benchmarks for the number of state-school pupils that universities ought to take,

who are more likely to be from poor background. And the India government has

been setting quota to secure jobs and education opportunities for the poorer half of

the population, including various tribal groups and low castes in the Hindu caste

system. This paper suggests that identity-conscious (either race or socioeconomic

background) Affirmative Action, especially at small scale, may have positive im-

pact on both aggregate efficiency and social equality. As a complement, other

studies show that switching from identity-conscious to identity-blind policy often

incurs sizeable efficiency loss.12 Hence our current policy debate on whether and

how to apply Affirmative Action will have significant impact on the efficiency and

equality of the US economy.

12For example, see Fryer, Loury and Yuret (2003) and Epple, Romano and Sieg (2003).
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Appendix.

Proposition 1.

Proof. The initial racial inequality is given by
HW
−1

HB
−1

. After the two stages of

education, the resulting racial inequality is HW

HB > HW,1

HB,1 >
HW
−1

HB
−1

, where the first

inequality follows when a fraction ΣW of white students enjoy higher education

but no black students do, and the second inequality follows because white students

invest more learning efforts in basic education than black students.

Proposition 2.

Proof. Without Affirmative Action and ΣB = 0, the optimal learning effort of

a black student in basic education is eB,1 = eB,1. With Affirmative Action and

ΣB > 0, the optimal learning effort is given by the counterpart of (11) with the

superscript r = B replacing r = W . While the marginal cost curve remains

the same, Affirmative Action shifts the marginal benefit curve upward due to

the two additional components associated with higher education. It follows that

Affirmative Action leads to higher learning effort in basic education for all black

students, and higher learning effort for a fraction ΣB of black students in higher

education, and hence higher human capital achievement for all black students.

Proposition 3.

Proof. From (10) and (11), it is easy to see that when g(G−1(1 − Σ−λΣB

1−λ
)) <

g(G−1(1 − Σ

1−λ
)), the marginal benefit curve for white students shifts downward

while the marginal cost curve remains the same, which leads to lower learning

effort and lower human capital output from basic education for all white students.

From (6), the learning effort in higher education is also lower for the fraction

of ΣW = Σ−λΣB

1−λ
who gets higher education admission, and it lowers down to

zero for the fraction λΣB

1−λ
who would otherwise get higher education admission.

Overall Affirmative Action leads to lower learning effort and lower human capital
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achievement for all white students.

When g(G−1(1− Σ−λΣB

1−λ
)) � g(G−1(1− Σ

1−λ
)), the marginal benefit curve for

white students shifts downward due to the lower probability of getting higher

education admission, but it shifts upward due to the sharp increase in the within-

group competition. The upward shift dominates the downward shift, which leads

to sufficiently higher learning effort and higher human capital output from basic

education for all white students. With regard to higher education, the fraction

ΣW = Σ−λΣB

1−λ
who gets admission invests more effort and hence accumulates more

human capital in higher education; the fraction λΣB

1−λ
loses the opportunity, but the

loss in human capital output from higher education is more than offset by the gain

from basic education; and the remaining fraction 1 − Σ

1−λ
remains out of higher

education. Overall Affirmative Action leads to sufficiently higher learning effort

in basic education and higher human capital achievement for all white students.

In between, if the upward shift of the marginal benefit curve due to the increase

in within-group competition does not offset the downward shift due to the lower

group-wide probability, then it is equivalent to the first case, and Affirmative

Action leads to lower learning effort and lower human capital achievement for all

white students. On the other hand, if the upward shift dominates the downward

shift but not at a sufficiently high level, it leads to higher learning effort and higher

human capital output from basic education, but the gain in human capital output

from basic education is not sufficient to offset the loss for the fraction λΣB

1−λ
who

would otherwise get higher education admission. Overall Affirmative Action leads

to higher learning effort in basic education for all white students, higher human

capital achievement for the fraction 1− λΣB

1−λ
of white students, but lower human

capital achievement for the fraction λΣB

1−λ
of white students.

Proposition 4.

Proof. An equilibrium is a fixed point of the system of three equations with three
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unknowns: eB,1, eW,1 and ŝ. The three equations are (11) with ∂σW

∂eW,1
given by (17),

it counterpart where r = B, and (14) (with variables σB and σW given by(15)

and (16) together with the symmetry condition). Under Assumption 4b, g(ε) is

continuous on (−∞, +∞), so the system of equations is continuous.

It has been shown that er,1 ≥ er,1 according to (5) and (11) (when σr = 0

and ∂σr

∂er,1
= 0), and it is obvious that er,1 ≤ er,1, with er,1 given by the following

equation:

AHr
−1
+ ABHr

−1
er,2∗ + g(ε̃)AHr

−1
vW,2(eW,1) =

θ1

1− eW,1

where marginal benefit is the highest when σr = 1 and ∂σr

∂er,1
= g(ε̃)AHr

−1
. So er,1 is

abounded by [er,1, er,1]. Also ŝ is bounded by [min{AHB
−1
eB,1+ sB, AHW

−1
eW,1}+

G−1(Σ), max{AHB
−1
eB,1+sB, AHW

−1
eW,1}+G−1(Σ)]. Thus Brouwer’s fixed point

theorem applies, and an equilibrium exists.
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Figure 1 Numerical Example 1

Note: in graph 1 and 2, solid line - the black group, dashed line - the white group.
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Figure 2 Numerical Example 2

Note: in graph 1 and 2, solid line - the black group, dashed line - the white group.
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Figure 3 Numerical Example 3

Note: in graph 1 and 2, solid line - the black group, dashed line - the white group.
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Figure 4 Numerical Example 4

Note: in graph 1 and 2, solid line - the black group, dashed line - the white group.
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