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Abstract

The purpose of the program is to price a first-to-default option written on a basket of two
names (assets), rated AA and BBB for instance. Under the contract, the counterparty selling
protection pays $1,000,000 if one of the names defaults over a T-year period. Copula functions
are employed to model and price the first-to-default option.
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Chapter 1: Introduction

This is a study case of a credit-risk product in the sense that the derivative contract contains
the so-called counterparty risk - the counterparty in the contract may default by the time it
has to honor its obligations. To be more specific, assume that an entrepreneur is funding a
project whose value is V(T') with debt issued in the form of a zero coupon bond with a face
value DD. The debt is reimbursed at date T'. Assuming that the asset side of the firm V (T')
follows a GBM, under the risk neutral-measure we have:

dv(t) =rV(t)dt + oy V(T)dz (1.1)

Then, by using the standard Black-Scholes model the value of equity (i.e. what is left after
bondholders have been repaid) is:

C(t) = V(t)N(dy) — exp(—r(T — t))DDN (d3) (1.2)

In(V(t)/DD) + (r + o /2)(T — t)
oI —t
do=dy —oyVT —t (1.4)

dy =

(1.3)

The leverage amount is given by:

exp(—r(T —t))DD
V(t)

d= (1.5)

The main difference with respect to the Black-Scholes framework is that in this case not only
the volatility of the underlying asset oy, but also its current value V' (¢) cannot be observed
on the market. What we observe instead is the value of equity C(t). To close the model,
from Ito’s lemma we have:

= oy N () (16)

oc =0v U (t) .

The default probability, under the risk neutral measure is recovered as N(—dz). Our aim in
this project is thus to find the joint default probability of two such assets.

The main issue here is how to model the dependence between the two assets since we have
to deal with the bivariate distribution (relationship) of the two assets. Thus the problem
becomes very complicated by the fact that we would have to deal with a double integration
problem. This is where Copulas come in very handy.
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Chapter 2: Copulas

2.1 What are Copulas?

Having a multivariate distribution, the univariate marginals and the multivariate dependence
structure can be separated and the multivariate structure can be represented by a copula.
For instance, in the bivariate case if we let X ~ F, Y ~ G and (X,Y) ~ H the copula is
defined as:

H(z,y) = C(F(z), G(y)) (2.1)

Using the marginals we get that:

h(z,y) = f(x) x g(y) x c(F(z),G(y)) (2.2)

The above representation shows the advantages of using copulas. Specifically, the copulas
enable us to tackle the problem of the specification of the marginal univariate distributions
separately from the specification of the market comovement and dependence. Moreover, it
allows us to get away from the concept of linear dependence which has been shown to be a
weak concept of dependence since the latter includes many other types of dependencies all
possibly captured by the copulas:

positive and negative dependence

exchangeable (flexible) dependence

dependence decreasing with lag if theres a time index

singularities on some curves or surfaces

2.2 Some Copulas

A simple natural extension of the Black-Scholes model to a bivariate setting consists in as-
suming the returns from the two projects are jointly normally distributed. Li(2000) proposes
the Gaussian copula to capture the joint default dependency of a portfolio formed by two

assets: ) )
—dz2a —dap 1 2p5w — s° —w

cGe :/ / —ex dsdw 2.3

o S 2T P\ T 20— ) (2:3)

The Gaussian copula assumes that the dependency between the two assets is symmetric.
However, other representations, like the one-parameter Archimedean Copulas treat the co-
movement of the assets as being asymmetric over time. Some examples are given below:

Gumbel Copula:
C(v,2) = exp (— [(~Inv)* + (=In2)]V*) 0 > 1; (2.4)
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Clayton Copula:

C(v,z) = max [(v_o‘ +27Y— 1)_1/a ,0} ,a € [—1,0) U (0, +00) (2.5)

Frank Copula:

Cv,z) = _—1ln [1 +

(0%

(exp(—av) — 1)(exp(—az) — 1) — 1
exp(—a) — 1

} L0 € (—00,0) U (0,400)  (2.6)

This class above of copulas is particularly suited at capturing the Positive Quadrant De-
pendency: X ~ F, Y ~ (G in our case are more likely to be large together or to be small
together.
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Chapter 3: Credit-linked Products

3.1 A Credit Derivative Example

The majority of copula functions have been devoted to credit risk and products whose payoff
depends on the performance of a basket of obligations from several names. A first-to-default
swap is a credit derivative where the counterparty offering protection pays a sum (i.e., a fixed
amount) at the first event of default out of a basket of credit exposures.

Our first-to-default derivative pays one dollar if at least one of the two credit exposures
defaults by time 7. The risk neutral probability of paying the protection is equal to the
probability of the event that both names will survive beyond time T'. Formally,

FTD =exp|—r(T —t)|[1 — Pr(m > T, > T|Sy)] (3.1)

where F'T'D denotes first-to-default and 7;,7 = 1,2 denote the default times of the two names.
The price of the credit risk derivative in terms of copula functions can be written as:

FTD = exp[~r(T - 1)] |1 = C(Q,(T), Q(T)|S] (3.2)

where Q;(T),i = 1,2 denote the marginal default probabilities and Q,;(T),i = 1,2 denote the
marginal survival probabilities. Using the duality relationship between a copula function and
its survival copula we obtain

FTD = exp[—r(T — )] [Q(T) + Q2(T) — C(Qu(T), Q2(T)[S] (3-3)

where the price depends separately on the marginal default probabilities and the joint default
probability. The choice for the exact copula functions depends on one’s own perspectives and
assumptions about the market co-movements of the assets. Therefore, if the co-movement
appears asymmetric (i.e., tail dependence) one can employ the one-parameter Archimedean
copulas. However, if the joint default risk appears rather symmetric, one can opt for the
multivariate normal distribution and use the Gaussian copula to represent dependence:

C(Qi(T), Qs(T)[Sr) = N [N"HQu(T)), N1 (Qa(T)), o] (3.4)

The case of perfect positive dependence with highest possible default risk is given by

FT Dy = exp[—r(T —t)] [maz(Q1(T), Q2(T))|S¢] (3.5)
and the opposite case of independence is given by

FTD, = eap[—r(T = )] [Q1(T) + Q1(T)Qs(T)|S] (3.6)

So, as the value of the copula function increases with dependence, the value of the first-to-
default product decreases.
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3.2 Program Inputs/QOutputs

The program takes as inputs the equity prices of the assets, the par values of debt, the risk
free interest rate, volatilities and the times to maturity. It also requires the specification of
o and the correlation coefficient p.

The output gives the leverage amount of the two names, the marginal default probabilities,
the copula values and the prices of the first-to-default derivative for each copula representation
assumed.

3.3 Conclusions

Copulas are very useful to model credit risk and price credit derivatives. They are fairly
straightforward to implement (especially the one-parameter Archimedean family of copulas).
They augment the Black-Scholes framework to account for non-linear relationships among
assets.
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3.4 Appendices

o]
Copyright Razvan Pascalau
Asset One Asset Two
Equity Price |223_4 |1 19.46 Protection in case of Default |1 000000
Par Value |-| 00 |-| 0o Alpha Iz
Interest Fate |4 |4 Correlation Coefficient ID
Wolatility |25 |25
Time To Maturity |5 |5
0K Cancel [
Defauit Probabilty in %) |1-77625483 |3.41690357
Leverage (in %) |26 40851708 4099514937

FTD if pos. corelated I??DSS'DBS‘Q'S.l 65
FTD if Independent [30272 35382503

FTD with Gumbel Copula [83984 48559283 Gumbel Copula [o-00335270
FTD with Clagton Copula 77351.08903686 Clayton Copula 0.01745475
FTD with Frank Copula |99795 40935576 Fiank Copula 0.00347663

FTD with Gaussian Copula |902?3.Dm 94846 Gaussian Copula 0.00167189

Figure 3.1: Caption Shot of the GUI

Below is a short excerpt of my source code:

FTDGumbel = inputProtection*exp(-(inputInterestRate2/100.0)*
inputTimeToMaturity2)*(F.CalculateDefaultProbl ()+
F.CalculateDefaultProb2()-Gumbel) ;

FTDClayton = inputProtection*exp(-(inputInterestRate2/100.0)*
inputTimeToMaturity?2)*(F.CalculateDefaultProbl ()+
F.CalculateDefaultProb2()-Clayton) ;

FTDFrank = inputProtection*exp(-(inputInterestRate2/100.0)*
inputTimeToMaturity2)*(F.CalculateDefaultProbl ()+
F.CalculateDefaultProb2()-Frank) ;
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