EC 413
FALL 2005

Lecture 4.  Moving Average & Exponential Smoothing
Toptics:

· Moving Average 

· Exponential Smoothing

Read:


Diebold 12.4-12.5 and SAS manual
This lecture is about:

Simple short-run forecasting tools based on some underlying pattern to the data

· Smoothed curve (eliminate up-and-down movement) 

· Trend

· Seasonality

1.   (Simple) Moving Averages

(Ex 1)  3 periods moving averages

 eq \O(y,()t  =   eq \f( 1 , 3 ) (yt-1 + yt-2 + yt-3)


Also, 5 periods MA can be considered.

	Period
	Actual
	3 Quarter MA Forecast
	5 Quarter MA forecast

	Mar-83
	239.3
	-
	-

	Jun-83
	239.8
	-
	-

	Sep-83
	236.1
	-
	-

	Dec-83
	232
	238.40
	-

	Mar-84
	224.75
	235.97
	-

	Jun-84
	237.45
	230.95
	234.39

	Sep-84
	245.4
	231.40
	234.02

	Dec-84
	251.58
	235.87
	235.14

	…
	
	So on..
	


 (Ex 2) Disney Stock, 30 days MA
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Notes:

(i) One can impose weights and use weighted moving averages (WMA).  
eg)   eq \O(y,()t  =  0.25 yt-3 + 0.25 yt-2 + 0.5 yt-1
(ii) How many periods to use is a question;  more significant smoothing-out effect with longer lags.

(iii)  Peaks and troughs (bottoms) are not predicted.

(iv)  Events are being averaged out.

(v) Since any moving average is serially correlated, any sequence of random numbers could appear to exhibit cyclical fluctuation.

2.   Simple Exponential Smoothing
Concepts:

· Also, supressing short-run fluctuation by smoothing the series

· Weighted averages of all previous values with more weights on recent values

· No linear trend, No seasonality

Model:

 eq \O(y,()t  =  ( yt-1 + (1 - ()  eq \O(y,()t-1

     or

 eq \O(y,()t  =   eq \O(y,()t-1 + ( (yt-1 -  eq \O(y,()t-1)   

where (yt-1 -  eq \O(y,()t-1) is ‘forecast error’.
  Remarks on ( (level smoothing parameter).

(i) Normally, choose ( between 0 and 1.
(ii) If ( = 1, it becomes a naïve model; if ( is close to 1, more weights are put on recent values.  The model fully utilizes forecast errors.
(iii) If ( is close to 0, distant values are given weights comparable to recent values.  Choose ( close to 0 when there are big random variation in the data. 
(iv) ( is often selected as to minimize the MSE.

Forecast:


 eq \O(y,()T+h =  eq \O(y,()T  
for all h > 0.   (T = end period)


..  constant for all h > 0!  


The forecast for the next period is simply the current smoothed value:
Why exponential?


 eq \O(y,()t  =  ( yt-1 + (1 - ()  eq \O(y,()t-1



 eq \O(y,()t-1 = ( yt-2 + (1 - ()  eq \O(y,()t-2
 eq \O(y,()t-2 = ( yt-3 + (1 - ()  eq \O(y,()t-3



= ( yt-1 + (1-()(yt-2 + (1-()(2yt-3+ 





 …..  +
(1-() (kyt-k+1

(k  decreases exponentially.

Example: Consumer Sentiment 


Data: consumer_sentiment_SEM.xls 


(see also SAS output)
Result: ( is estimated as 0.5992.

RMSE = 2.65

Plot: No linear trend, no seasonality.

3.   Holt’s Exponential Smoothing

Concepts:

· Introduce a Trend factor to the simple exponential smoothing method

· Trend, but still No seasonality

Model:

 eq \O(y,()t  =  ( yt-1 + (1 - () (  eq \O(y,()t-1 +  eq \O(Tt-1,() )
 eq \O(Tt,() = ( ( eq \O(y,()t -  eq \O(y,()t-1) +  (1 - ()  eq \O(Tt-1,() 
where ( eq \O(y,()t -  eq \O(y,()t-1) captures a linear trend.


Two parameters :



( = smoothing parameter



( = trend coefficient

; One can impose a priori values or these can be determined from the data.

Forecast:


 eq \O(y,()T+h =  eq \O(y,()T  + h eq \O(TT,() 
.. Trend prediction is added in the h-step ahead forecast.
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Example: SP 500 series


Data: sp500_holt.xls

Result: Estimate for ( = 0.64;

Estimate for  ( = 0.24.

RMSE = 66.95

Plot: Clearly trend, but no seasonality

4.   Holt-Winter’s Exponential Smoothing

Concepts:

· Introduce both Trend and seasonality factors

· Seasonality can be added additively or multiplicatively.

Model (multiplicative):
 eq \O(y,()t  =  ( yt / eq \O(S,()t-p+ (1 - () (  eq \O(y,()t-1 +  eq \O(Tt-1,() )
 eq \O(Tt,() = ( ( eq \O(y,()t -  eq \O(y,()t-1) +  (1 - ()  eq \O(Tt-1,() 
   (trend)

 eq \O(S,()t= ( (yt /  eq \O(y,()t )  +  (1 - ()  eq \O(S,()t-p
   (seasonality)

where (yt /  eq \O(y,()t) captures seasonal effects.

    p = # of periods in the seasonal cycles



(p = 4, for quarterly data)


Three parameters :



( = smoothing parameter



( = trend coefficient



( = seasonality coefficient
Forecast:


 eq \O(y,()T+h = [  eq \O(y,()T  + h eq \O(TT,() ]eq \O(S,()T+h-p
.. Seasonal factor is multiplied in the h-step ahead forecast.

Example: Truck production


Data: truck_prod_holt_winter.xls

Result: Estimate for ( = 0.41;

Estimate for  ( = 0.03;

Estimate for  ( = 0.37.

RMSE = 30.05
Plot: Clearly trend, clearly seasonality

SAS Output
 Model Parameter                        
Estimate

 LEVEL Smoothing Weight                  
0.43048

 TREND Smoothing Weight                  
0.00100

 SEASONAL Smoothing Weight          
0.29710

 Residual Variance (sigma squared)     
891.23632

 Smoothed Level                        
630.77656

 Smoothed Trend                          
7.35177

 Smoothed Seasonal Factor 1              
1.04175

 Smoothed Seasonal Factor 2              
1.04635

 Smoothed Seasonal Factor 3              
0.87055

 Smoothed Seasonal Factor 4              
0.98423
Output from Other Software (a little different results)

	Method Statistics
	Value

	Method Selected
	Holt-Winters

	Alpha
	0.41

	Beta
	0.37

	Gamma
	0.03

	Multiplicative

	
	

	Seasonal Indices
	Value

	Index 1
	1.04

	Index 2
	1.03

	Index 3
	0.85

	Index 4
	0.99
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Summary:  When can each of the following techniques be used?

· Moving Average Models

· Simple Exponential Smoothing

· Holt’s Exponential Smoothing

· Holt-Winter’s Exponential Smoothing

Other methods
1. Brown's Linear (i.e., double) Exponential Smoothing
If the trend as well as the mean is varying slowly over time, a higher-order smoothing model is needed totrack the varying trend. The simplest time-varying trend model is Brown's linear exponential smoothing (LES) model, which uses two different smoothed series that are centered at different points in time. The forecasting formula is based on an extrapolation of a line through the two centers. (Alternatively, a double application of the simple moving average method can be used to track time-varying trends.) 
The algebraic form of the linear exponential smoothing model, like that of the simple exponential smoothing model, can be expressed in a number of different but equivalent forms. The "standard" form of this model is usually expressed as follows: Let S' denote the singly-smoothed series obtained by applying simple exponential smoothing to series Y. That is, the value of S' at period t is given by:
 eq \O(y,()t  =  ( yt-1 + (1 - ()  eq \O(y,()t-1
.. simple exponential smoothing
 eq \O(y,()t*  =  (  eq \O(y,()t-1 + (1 - ()  eq \O(y,()t-1*
.. double exponential smoothing
2. Damped Trend Exponential Smoothing

While the Holt Model takes into consideration the trend that may be inherent in the data series, it somewhat unrealistically assumes the trend continues in perpetuity. This means it can overshoot estimates several time periods in the future. A variation known as damped trend exponential smoothing has the effect of dampening the trend as time continues into subsequent periods. It includes a third parameter, [image: image4.png]


, with a value between zero and one that specifies a rate of decay in the trend.
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where [image: image6.png]ke



is the forecast at time k periods in the future, At is the actual value at time t, St is the level of the series at time t, Tt is the trend at time t, and [image: image7.png]
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are smoothing parameters.

Review Questions

1. Discuss how one can choose ( values.  How would these different ( values weigh past observations of the variable to be forecast?  If ( = 0.9 provided the best forecast for your data, what would this imply? 

2. Does exponential smoothing place more or less weight on the most recent data when compared with the moving average model?  What weight is applied to remote values?  

3. Why is smoothing (simple, Holt’s and Winter’s) also called exponential smoothing?
4. Consider the data on mobile-home shipments (data: mobile_home.xls) over the period from 1986 Q.1 to 1995 Q.4.  The data are in thousands of units.

(a) Calculate both the three quarter and five quarter moving average for these data and compare the forecasts by calculating the RMSE. 

(b) Plot the data and (eye) examine the existence of trend and seasonality in the data.  Which smoothing method can you recommend?

(c) Apply three exponential smoothing methods (simple, Holt and Winter’s) to the data, and compare the RMSE.  Make sure to report the estimated parameter values in each model.

(d) Obtain the out-of-sample forecasts for each of the three models on the four quarters of 1996.  Then, calculate the RMSE of the out-of-sample forecasts using the following actual values.



1996 Q.1 
84.4



1996 Q.2
97.2



1996
Q.3 
94.9



1996
Q.4
86.9
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