Lecture4

Univariate time series modelling and
forecasting
(Box-Jenkins Method)

Dr. Junsoo Lee
EC 413

Read
Handbook Ch 2; Enders Ch 2



Univariate Time Series M odéels

Where we attempt to predict returns using ONE variable based on only information
contained in their past values.

Overview

Stationary ARMA (p, q) Model

What is ARMA modgl?

Yi=CtaiYuatasyot ..t apVipt QiU ¥ QaUiz + ... + Qglhg + Ut

.. ARMA(p, q) model

What is AR model?

e An autoregressive model of order p, an AR(p) can be expressed as
Yi=CtaiVutasyot..+tapyipt U
.. AR(p) model

What is MA model ?

e Letuy (t=1,2,3,...) be awhite noise process, a sequence of independently and
identically distributed (iid) random variables with E(u)=0 and Var(u) = s The
gth order MA moddl is given as.

Yt = M+ U + (qUeg + Qo2 + ... + (qUq
.. MA(qg) model

What is a White Noise Process, u;?

* A white noise process is one with (virtually) no discernible structure. Itisan
independently and idertically distributed (iid) random variables.

Key Point of ARMA Modds:

Allow for enough AR & MA terms so that the error termlooks like a white noise
process.




ARIMA (p, d, g) Model

If y; is non-stationary, we take afirst-difference of y; so that Dy, becomes stationary.
Dyt =¥t - Yia
(d =1 implies onetime differencing. d = 1isenough in most cases.)
Dyi=c+ aiDy1+asDyat .. +a, Dy + QiUes + QoUez + ... + Qqleg + U
.. ARIMA(p, 1, q) model

In unusual cases, we use a second difference, impying afirs difference of the
differenced series

DY =Dyi- Dyer = (Wi - Vi) - (Vi1 - Vi) = W - 21 + Vi
Questions:
How many AR and MA terms are necessary?
How can we tell that the error term is a white noise process?
What do you mean by “ stationary” ?
® Box-Jenkins provided procedures to estimate an optimal ARIMA model.

Some Notation and Concepts

A Weakly “Stationary” Process

If aseries satisfies the next three equations, it is said to be weakly or covariance
stationary: they do not depend on t

1 Ey)=m, t=12..¥ ... Unconditional mean.
2. Var(y)) =s? < ¥ ... Unconditional variance
3. Cov(Yy, Yis) = Os ... Auto-covariance

e Soif the processis covariance stationary, all the variances are the same and all the
covariances depend on the difference between t and t-s.

Ex) Cov(y:, Yis) = Cov(Yi1, Yie) = Cov(Yia Yeo) = G
(All these are the same!)

We say that g5 isthe autocovariance functionwith lag 5.




Auto-Correlation Function (ACF)

e The covariances, g, are known as autocovariances.
One can find g, &, O3, W G, ..... andsoon.
Here, &= Cov(yy, Yt.0) = Var(y) =s?

* However, the value of the autocovariances depend on the units of measurement of
Vi. Thatis, if y ismultiplied by 100, g isaso computed as 100 * ..

* |t isthus more convenient to use the autocorrel ations which are the
autocovariances normalised by dividing by the variance:

ts=—"1 -1Et,£1, s=012,...

ts isthe autocorrelation between y; and Yi.s.

If weplot tsagainst s=0,1,2,... then we obtain the AutoCorrelation Function
(ACF) or called, correlogram

W hite Noise Process (u,)

* A white noise process is one with (virtualy) no discernible structure. Itisan
independently and identically distributed (iid) random variables.

(i) E(w)=0
(ii) Var(u) = s?
(iii)g=0ifs? 0

Thatis, 3=s% 1= =....=0(s>0)
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Thus the autocorrelation function (ts) will be zero apart from asingle peak of 1 at
s=0.

We have adistribution of tsunder the null that atime seriesis a white noice.
ts~ approximately N(0,1/T) where T = sample size
Thisimplies:
Var(ty) = 1T
SE(ty = \UT
If s0, the 95% confidence interval of t¢of awhite noice processis

ts =0 = 1.96* SE(t) =0 + 1.96* \VUT

Point: If atimeseriesisawhite noise, |t s | should not be bigger than the
confidenceinterval, 1.96 * \/1/T for all valuesof s.

Testing for a White Noise Process

Does your data look like a white noise process?

We can use this to do significance tests for the autocorrelation coefficients by
constructing a confidence interval.

If t 5 falls outside thisregion ( 1.96 * \/1/T) for any value of s, then we reject the
null hypothesis that the true value of the coefficient at lag sis zero, which implies
awhite noise process.

Ex) RATS example
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Correlations of SeriesU
Autocorrelations

1: -0.1154773 -0.0722445 0.1479023 -0.0814163 -0.0977566 0.0595666
7: 0.0028219 0.0512692 -0.0584719 -0.0513372 0.0491615 -0.1019420
13: 0.1220512 0.0973237 -0.0764919 0.0347748 -0.0208870 0.0551283
19:  0.1662776 -0.1114049

Partial Autocorrelations (later on this)

1. -0.1154773 -0.0867362 0.1315508 -0.0565580 -0.0969105 0.0106180
7: 0.0179404 0.0821972 -0.0697137 -0.0695742 0.0229997 -0.0766431
13: 0.1335587 0.0833780 -0.0288299 -0.0014239 -0.0451313 0.1250012
19: 0.1921916 -0.0795414

What if only one or afewt lie outside the confidence interval? Isthere any test
for joint insignificance up to lag s?

-> Joint restriction Test

We can aso test the joint hypothesis that all m of the t correlation coefficients
arejointly equal to zero using the Q-statistic developed by Box and Pierce:
m
QmM=T & t
k=1
where T = sample size, m = maximum lag length

Ho: t;=t,=t3=... =t, =0 (implying awhite noise process)
The Q-statistic is asymptotically distributed as a chi-square distribution (c?)

If m) > c?, (m = degree of freedom), the reject the null hypothesis and we
say that the time seriesis NOT a white noice process

If QM) < ¢, thenwe cannot reject the null of awhite noise process using lags
up tom. We often choose m = 10, 20, or 30.

However, the Box Pierce test has poor small sample properties, so avariant has
been developed, called the Ljung-Box statistic:
m
Q' (m) = T(T+2) & t2(T-k)
k=1
The Q-statistic is aso asymptotically distributed as a chi-square distribution (c %)
and Q can beused instead of Q.

This statistic is commonly used as a portmanteau (general) test of linear
dependence (autocorrelation) in time series.



Suppose that a researcher had estimated the first 5 autocorrelation coefficients
using a series of length 100 observations, and found them to be (from 1 to 5):
0.207, -0.013, 0.086, 0.005, -0.022. Test each of theindividual coefficient for
significance, and use both the Box-Pierce and Ljung-Box tests to establish
whether they are jointly significant.

Solution:

A coefficient would be significant if it lies outside (-0.196, +0.196) at the 5%
level, so only the first autocorrelation coefficient is significant. (Here, £1.96 *
1T =+0.196)

Next, the joint test is on:

Ho: t;=t,=... =ts =0 (implying awhite noise process)
m
QB =T & t’=509and
k=1
g
Q*(5) =T(T+2) A t,°/(T-K) = 5.26
k=1

Compared with atabulated 2, with df 5is 11.1 at the 5% level (seec?; chart),
these are smaller than 11.1. So, we can say that the 5 coefficients arejointly
insignificant. Then, the time series appears a white noise process.

Note: In RATS, we can also examine p-values. (if p-value > 5%, the null is not
rejected. Thus, it isawhite noise process. Otherwise, it isnot awhite oise
process).

Example) RATSreports:

Ljung-Box Q-Satistics
Q(20-0)= 18.0031. Sgnificance Level 0.58720637

® Sncethe p-value> 0.05, we cannot reject the null that the seriesisa
white noise process using 20 lags.

Most time series data are NOT awhite noise process. The Box-Jenkins method is
to find amodel in such as way that by adding AR and MA terms the resulting
residuals will look like a white noise process.

If y; isnot awhite noise process, add AR and MA terms until u looks like a
white noice process.

Y= (p#of ARterms) + (q # of MA terms) + u



where AR terms are y;; (past val ues) and MA terms are u.; (past errors).
If pand g are properly selected, u, will be awhite noise process.

Point: After adding AR-MA terms, check if the residual (Gt) isawhite noise
process. (more on this, later)

(i) Use ACF plots of Gt,and check if any tylies outside the CI.
(i) Use Q* statistic on W.

RATS Example (ARMA1.prg)

caendar 19601 12
allocate 1999:9

open data basics.wks
data(format=wks,org=cols) / rate

graph(key=upleft)
# rate

* Compute and graph autocorrelations:

correlate(partia =PACF, QSTATYS) rate/ ACF
graph(key=below,style=bar,nodates,min=-1.0,max=1.0,number=1) 2
#ACF

# PACF

| ACF PACF |

Ljung-Box Q-Satistics
Q(41-0)=  7378.5980. Sgnificance Level 0.00000000

® Clearly, RATE isnot awhite noise process.



MA (Moving Average) Models

What is MA model ?

e Letuy (t=1,2,3,...) be awhite noise process, a sequence of independently and
identically distributed (iid) random variables with E(u)=0 and Var(u) =s? The
gth order MA moddl is given as.

Yt = M+ U + (qUpg + Qo2 + ... + (qUtq
.. MA(qg) model

» Themodd isexpressed in terms of past errors. We wish to estimate the
coefficients ¢, j=1,..,0, and use the model for forecasting.

* Itsproperties are
(i) Only q errors affect the current leve y; but higher order errors do not affect .

(i) Itisashort memory model.
» For an MA(qQ) model, gs=0for s> q.
Ex) MA(1) model
" Yi= Mt Ut Qaleg

= Of course, t;=ACF(1) isnot O (it is not a white noise process).
But, t, = ACF(Z) =0. Also, tz=t,=..=0.

Ex) RATS example

Point: If ty =1ty =... =0, then the process may follow an MA(k-1) model.

Finding theoretical Variance and Covariances of MA models

Example 1)
Consider an MA(1) model, y; = m+ u; + QiU1
() Mean: E(y)=m+0+0=m
(i) Variance: @ = Var(y) = Var(m+ u + i) =0+ s?+ p?s?= (1 + g;9)s?

(iii) Covariances. g = Cov(V, Yis)




& = Cov(W, Vi) = Cov(m+ U+ QiUpg, M+ Uy + Chlko)
= E[y: - E(Y)][Ye-1- E(Yea)]
= E[(u + tal1)( Upr + Q1Ui2)]
SinCZe Ye - E(Y) = (M+ U+ QrUeg) - M= Ug + Galkg
= 1S

Thus, t; =g/ =018°/[(1+q:)s? = qu/(1+ )

@ = Cov(Yi, Yi-2) = Cov(m+ U + Ghlka, M+ Lo + Qilhoa)
= E[(u + 1) ( U2 + Q1Ue3)]

=0
& = E[(U + thU1)( Ups + Culis)] =0
o =0...

Thus, ts=0,s=2, 3, 4..

Point: If ts=0,s=2, 3, 4.., then it may be an MA(1) model.

Exercise) homework

For an MA(2) model, find E(y;), &, G, &, G, -
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AR (Autoregressive) Models

What is AR model?

e An autoregressive model of order p, an AR(p) can be expressed as

Yi=CtarYatazyiot..+tapypt W

where u, is awhite noise process

 Themodel is expressed in terms of past values. We wish to estimate the

coefficientsa;, j=1,..,p, and use the model for forecasting.

* Itspropertiesare

(i) All previous values will have cumulative effects on the current level y;.

(i) Thus, itisalong-run memory model.

0 ts=ACHK(s) doesnot dieout easily. It takes alonger timeto have ACF

close to zero.




11

0 Intheory, we say that there is a persistent effect over time.

o Many time seriesfollow AR(p) models.
Ex) AR(1) model
0 Yi=C+avy +u
» (Unconditional) Mean:
E(y) = E(c+a Y1 +W) =c+aE(y1) +0
Letting E(y;) = E(Yy.1) = m (assuming weakly stationarity)
m=c+am® m=c/(1-a).
= Variance
Var(y) = Var(c+ a yuq +u) =0+ a*Var(y.,) +s?
Letting Var(y;) = Var(yi1) = &, (assuming weakly stationarity)
p=a’p+s’® g=s?/(1-a?
= Covariance (g)
From y; = c+ a yu1 + W, let c =0 for smplicity.
Wecan have: y.1=a Y + U
Yi=ays t=2a (@ Yo +U) + U

=a (a(@ Yz + U.p) + Uer) + U
= (keep substituting..)
E(yiyd) =@
E(ViYi2) = a’

E(yiyra) = a’
.. SO 0oOn

Example) a = 0.99
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Sincea| < 1 for stationary series, a“® 0 ask increases, but it
takes awhile (k not small) to have a*close to 0.

o Note: If a =1 (asintherandom walk moddl, y; = y;.1 + u), the
unconditional mean does not exist, and a* = 1 for any k. Thisisthe case

of non-stationary data. If so, we need to do the first-difference. Dy, = y; —
Yi.1. (more on this later.)

Partial Autocorrelation Functions (PACF)

M easures the correlation between an observation k periods ago and the current
E)bservati on, after controlling for observations at intermediate lags (i.e. al lags <
PACF(k) = ACF(Kk) after controlling the effects of (Vi.1, .., Yi-k+1)

Yo (Ver, - Yike1), Yek

Atlag 1, the ACF(1) = PACK(1) always.

Atlag 2, PACF(2) = (t »t12) / (1-t10).

For lags 3+, the formulae are more compl ex.
PACF(Kk) can be found as the coefficient of y;. in the regression:
Yi=aotaryritagyat ..o ¥ QkaYiker + AkYik + U

® ax=PACKK)

The PACF is useful for telling the maximum order of an AR process.
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o For AR(g) models, PACF(g+s) =0, s3 1.
Ex) If PACF(2) = PACFK(3) = .. O, then it may be an AR(1) model.
Ex) If PACF(3) = PACF(4) = .. 0, then it may be an AR(2) model.
® Point: For an AR(p), the theoretical pacf will be zero after lag p.

» For an MA(q), the theoretical PACF will be geometrically declining.

Point:

1. For an AR(p), the theoretical PACF will be zero after lag p.

2. Foran MA(Q), the theoretical ACF will be zero after lag q.

Summary
An AR process has
o0 ageometricaly decaying ACF
o number of spikes of PACF = AR order
An MA process has
0 Number of spikes of ACF = MA order

o0 ageometricaly decaying PACF

Stationarity Conditions for AR models

« Thecondition for stationarity of agenera AR(p) model isthat the roots of
1-a;z-a,?-...- apZ’ = 0all lie outside the unit circle.

Examples) Isy; stationary?
(@ Y=Yt U

1-z=0. ® z=1

The characteristic root is 1, so it isaunit root process (so non-stationary)
(b) y1=0.2y;1+ 0.35y12 +

1-03z-0352z°=0 or (1-0.72)(1+0.52) =0. Thus,

z=1/0.7=143andz=1/0.5=2
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The characteristic roots are 1.43 and 2. When any one of these lies outside the
unit circle (bigger than 1), the processis stationary

*  MA models are aready stationary. Why?
* A dationary AR(p) model can have an MA(¥) representation.
EX) vi=05y.1+u
Yi—0.5y.1 =u or (1-0.5L)y; =u using an lag operator, LYy; = Vi1
(in genelra, Ly, = y¢.)

_; — 2, 2 313
V=105 h=(1+05L+05L°+05°L°+ .. )u

=+ 0.5u.1 + 0.5%U., +0.5° U3+ .. MA(¥) form

Point: Any stationalry AR model can be seen asan MA model. Any (invertible)
MA model can be seen as AR model. Thus, AR or MA models are
interchangeable.

ARMA (Autoregressive MA) Models

An ARMA(p, q) is expressed as.
Yi=CtaihatasViot..tapVipt U +QiUeg + Qo2 + ... + (qUiq
..... A Combination f AR and MA models.

Either ACF or PACF cannot solely provide the information on the maximum
ordersof por g.

| Building ARMA Models - The Box Jenkins Approach

* Box and Jenkins (1970) were the first to approach the task of estimating an
ARMA mode in a systematic manner. There are 3 steps to their approach:

1. Identification

2. Estimation

3. Model diagnostic checking

Step 1: (COR on the data and AIC/BIC)



15

- Involves determining the order of the model.
- Use of graphical procedures
- A better procedure is now available

Step 2: (BOXJENK)
- Estimation of the parameters

- Can be done using least squares or maximum likelihood depending on
the model.

Step 3. (COR on residuals)

- Model checking on residuals

Box and Jenkins suggest 2 methods:

- Deliberate overfitting
- Residual diagnostics

[ dentificationwould typically not be done using ACF and PACF's.
We want to form a parsimonious model.
- variance of estimatorsisinversely proportional to the number of degrees of
freedom.
- models which are profligate might be inclined to fit to data specific features

This gives motivation for using information criteria, which embody 2 factors

- aterm which isafunction of the RSS
- some penalty for adding extra parameters

The object is to choose the number of parameters which minimises the
information criterion. And the information criteria vary according to how stiff the
penaty termis.

The two most popular criteria are Akaike' s (1974) information criterion (Al C),
Schwarz’s (1978) and Bayesian information criterion (SBIC).

N
AIC=In(s ) +2KIT
SBIC = In(s 3 + (KIT) InT
wherek=p+ q+1, T=samplesize.

Point: Choose a model with a LOWER values.



e Which IC should be preferred if they suggest different model orders?

— SBICisstrongly consistent but (inefficient).
— AlCisnot consistent, and will typically pick “bigger” models.

» Forecasting: based on the estimated ARMA models.
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| Practical Applications

Handouts

Example 1) ARMA2.PRG
Practical Application

Example 2) ARMA3.PRG
Using bjident.src and bjfore.srcin RATS

Homeworks



