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Abstract
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1 Introduction

Public goods present major problems in economic theory. A (pure) public good is a
commodity that can be consumed in its entirety by all the members of an economy. The
Lindah! equilibrium, introduced in Lindahl (1919), and discussed in Samuelson (1954),
has the property that individuals pay personalized prices for public goods. Foley (1970)
expanded this equilibrium concept to encompass lump sum taxes. In Kaneko (1977a,b),
lump sum taxes were required to be proportions of income.

The Lindah! equilibrium for economies with public goods was meant to be a counter-
part to the Walrasian equilibrium for private goods economies.* On first ingpection, the
two concepts appear to be quite distinct. The Walrasian equilibrium postulates a single
price for each commodity while the Lindahl equilibrium postulates a possibly different
price for each consumer of a given public good. Moreover, the Lindahl price paid by an
individual depends on his tastes. In spite of the fact that there are important distinctions
between the two concepts, there has been significant parallel development in the theories
of equilibrium in economies with public goods and with private goods. For example, for
both equilibrium concepts, questions of existence, First and Second Welfare Theorems
and the relationship to the core have been studied. Recently, Walrasian equilibrium has
been studied from the viewpoint of consistency. In this paper we address the consistency
of both the Lindahl equilibrium and the related ratio equilibrium.

The study of the consistency properties of solution concepts in economics, game the-
ory, and social choice was initiated by Davis and Maschler (1965). Converse consistency
was first examined by Peleg (1986). The consistency principle states that methods of
reaching agreements should be consistent whatever the group of agents involved. More
precisely, whenever the members of a decision-making situation have accepted an agree-
ment using some particular method, no subgroup of agents, given the acceptance of
the complementary coalition and using the same method, has an incentive to reach a
different agreement. The consistency principle has been applied to a number of game
theoretic and economic solution concepts including the core (Peleg (1985,1986), Winter
and Wooders (1994) and several others), the Nash equilibrium (Peleg and Tijs (1993)),
the Shapley value (Hart and Mas-Colell (1989)), and the Walrasian equilibrium (van den
Nouweland et al. (1994)). A more complete discussion of the literature on consistency
is provided in Thomson (1990).

The outline of this paper is as follows. We introduce the model of a public good

“See, for example, the discussion in Mas-Colell and Silvestre (1989).



economy in section 2. In section 3, we provide the definition of the ratio equilibrium and
we study its consistency properties. The Lindahl equilibrium is defined and studied in

section 4. The last section contains our conclusions.

2 Public good economies

In this section we provide the formal definitions of a public good economy and of some as-
soclated concepts. Throughout the paper, we restrict discussion to public good economies
with one public good and one private good. Our results, however, hold for public good
economies with any finite number of public goods. We choose not to consider this broader

framework in order to avoid unnecessarily complicated notations.

A public good economy (with one private good and one public good) is a list F =
(N; (w')ien; (Wien; ), where N (sometimes denoted N(E)) is a non-empty finite set
of agents, w' € Ry is the nonnegative initial endowment of agent ¢ € N of a private
good, w : Ry x Ry — R is the utility function of agent ¢ € N, and fFiRy - Ryis
the cost function for the production of a public good. If agent ¢ € N has an amount 2
of the private good and the amount of public good that is provided is y, then agent i
enjoys a utility of w'(z',y). Further, if each agent i contributes an amount #' of the
private good for the production of the public good, then a bundle y of public good can
be provided. The bundle y satisfies f(y) < Yyen 2. The family of all public good
economies is denoted by £.

An allocation in a public good economy is a vector (z!,22,..., 2™ y), where z¢ is the

amount of private good of agent i for each ¢ € N, and y is the amount of public good that
is produced using the contributed amounts of private good, i.e. f(y) = Yien(w' — zi).

Formally, denote the set of allocations in an economy E by A(E); thus
A(E) = {((z")ieniy) | o' € Ry for each i € N, y € Ry, and f(y) = > (w' — 2')}
ieN
for each £ € £. An allocation (x;y) = ((z*)ien; y) € A(E) is efficient or Pareto optimal

for £ if there is no other allocation ((%')ien; 7) € A(E) such that vi(z,7) > wi(z', y) for
all - € N with strict inequality for at least one 7 € N.



3 A characterization of the ratio equilibrium

In this section we will provide an axiomatic characterization of the ratio equilibrium
based on consistency and converse consistency. Both of these axioms treat reduced

economies.

We start with the definition of the ratio equilibrium. A ratio equilibrium consists of
a level of public good production and a set of ratios, one for each agent in the economy.
These ratios reflect the way agents share the cost of public good production; if agents
1,2,...,n have ratios r*,7%,. .. r™, respectively, then agent ¢ pays the share ET;T of the
cost of public good production. A set of ratios and a level of public good production
constitute a ratio equilibrium if for each agent in the economy the level of public good is
such that the utility of the agent is maximized under the restriction that he has to pay
a share of the cost of public good production that is reflected by his personalized ratio.
Formally, for an # € (0,1], the demand set of agent 1 given that he has to pay a share

7 of the cost of producing public good is given by

D) ={y € Ry | 7f(y) < w' and y maximizes ww' — 7 £(F),7)
over all ¥ > 0 such that # f(y) < w'}

For a public good economy E = (N;(w')ien; (u')ien; f), the set of ratio equilibria is
iven by R(E) = {(r,y) € A" x Ry |y € Di(=Z—) for all i € N}, where Di(—"—
given by R(E) = {(r,y) € + |y € D(g=mg) for all 4 i where D*(s~"—5)

is the demand set of agent ¢ with respect to the ratios r',r2,...,7" and where we use
the notation A” := {(¢',¢?%,...,¢") | ¢ € (0,1] for each i € N}.

The ratio equilibrium is basically a mapping that assigns to each public good economy
E € & a subset ¢(EF) of A® x Ry, For ease of notation we will call such a mapping a
solution on €. We will characterize the ratio equilibrium as a solution. In order to study

consistency and converse consistency of ratio equilibria, we introduce reduced economies.

Let E = (N; (w')ien; (v)ien; f) be a public good economy and let S C N, S #0,
and (r,y) € A™ x R... The reduced economy of E with respect to § and (r,y) is

BS0W = (S (w)iess (u)ies; b),

where

W) = Zie5T 1)

Yien T
for all ¥y € R4. The interpretation of the reduced economy is the following: suppose

the agents agree on the level y of the public good and on the division of the costs of



production of a level of public good according to the ratios r*. Then, if the agents in
N\ S withdraw from the decision-making process, the agents in .S can reconsider the level
of public good that they are going to produce. If they do so, then they will take into
account the fact that agents in N\\S will pay a share EZ'—E“E‘\‘;\;—T‘ of the cost of producing
the public good. Hence, when reconsidering the production of public good, the agents

in 5 face the cost function A. Obviously, the reduced economy is itself an element of £.

Now, we can introduce the consistency property. A solution ¢ on &£ is consistent
(CONS) if it satisfies the following condition. If £ € £, § C N(E), S # 0, and
(r,y) € $(E), then ESEY € £ and (r®,y) € $(ES)). Hence, for a consistent solution
it holds that once an agreement is reached, the withdrawal of some agents from the
decision-making process and the subsequent reconsideration by the remaining agents
does not change the outcome of the decision-making process. It is shown in the following

lemma, that the ratio equilibrium is a consistent solution.

Lemma 3.1 The ratio equilibrium on the family £ of public good economies is consis-
tent.

Proof. Let E = (N; (w')ien; (W )ien; f) € € be a public good economy, let S C N, S +# 0,
and let (r,y) € R(E). Let k be the cost function of the reduced economy ESF¥) je.

— Zi ST. = 7! —_y r Z'eer — i -
h(y) = iENLT'f(y) Now note that —%_ZjENTj f(y) = e mf(y) = mh(y) for
all 7 € Ry. Hence, using the fact that (r,y) € R(E) it easily follows that (rS y) €

R(ES@Ta), O

Now, let us define converse consistency. A solution ¢ on & is converse consistent
(COCONS) if for every E € £ with at least two agents (|N(E)| > 2) and for every
(r,y) € A" x Ry the following condition is satisfied. If for every § C N(E), S ¢
{0, N(E)}, it holds that E5®¥ € £ and (r%,y) € $(ESE9), then (r,y) € ¢(F).

The ratio equilibrium satisfies converse consistency, as is proven in the following

lemma.

Lemma 3.2 The ratio equilibrium on the family £ of public good economies satisfies
converse consistency.

Proof. Let E = (N;(w')ien; (u)ien; f) € € with [N| > 2 and let (r,y) € A® x Ry
such that for every S C N, S & {0, N}, it holds that (r%,y) € R(ES®¥), Then, in
particular, (r',y) € R(EVWHE) for each i € N. Let i € N and let A be the cost function
of the reduced economy E{HE®) e h(g) = wf(y) for all § € Ry. This implies



that (r',y) € R(EVHTY) indicates that y € D‘(Eﬁ) Since we can perform this

operation for every i € N, the result is that (r,y) € R(E). a

In order to characterize the ratio correspondence using consistency and converse con-
sistency, we need a starting point, i.e., we need to say something about the solution at
the level of one-person economies. Thus, we introduce the following property. A solution
¢ on & satisfies one-person rationality (OPR) if for every one-agent public good economy
E = ({i};w';u'; f) € £ it holds that ¢(E) = {(+*,y) € A' x Ry | y is such that fly) <
w' and vi(w' — f(y),y) > v(w' — f(7),7) for all § € R, with f(7) < w'}. The one-
person rationality axiom can be interpreted as dictating that the individual agent max-
imizes his utility given his endowment of the private good and the cost of producing
certain amounts of the public good (which is in this case like a private good to the

agent).
The following lemma shows how the three axioms CONS, COCONS, and OPR inter-

act.

Lemma 3.3 Let ¢ and ¥ be two solutions on & that both satisfy OPR. If ¢ is consistent
and % is converse consistent, then it holds that ¢(E) C (E) for all £ € &.

Proof. We will prove the lemma by induction on the number of agents.

If £ € £ is a one-agent economy, i.e. |[N(E)| = 1, then it follows from OPR of ¢ and ¢
that ¢(F) = ¢(FE).

Now, let £ € £ be an economy with n agents and suppose that it has already been proven
that (L) C (F) for all economies with less than n agents. Let (q,y) € #(F). Then, by
CONS of ¢, we know that E5(%%) € £ and (q%,y) € ¢(E5@) for all § C N(E), S¢
{0, N(E)}. Hence, it follows from the induction hypothesis that (q%,y) € P(E5@)) for
all SC N(E), §¢ {0,N(E)}. So, by COCONS of 9, we know that (q,y) € p(E). We
conclude that ¢(E) C (F). O

Using lemma 3.3, the proof of theorem 3.4 follows directly.

Theorem 3.4 The ratio equilibrium is the unique solution on £ that satisfies OPR,
CONS, and COCONS.

Proof. In lemmas 3.1 and 3.2 we proved that the ratio equilibrium satisfies CONS and
COCONS. To show that the ratio equilibrium satisfies OPR, let £ = ({i}; w';u’; f) € £
be a one-agent public good economy. Note that in a one-agent economy, the single agent
present will have to pay fully for each level of "public good” that he wants to have
available. Hence, the ratio equilibrium of economy E is {(r',y) € A x Ry | y € Di(1)},



where D(1) = {y € Ry | /(3) S w' and wi(w' — £(y),5) > w(w' — f(7),7) for all g >
0 such that f(7) < w'}. This proves that the ratio equilibrium satisfies OPR.

To prove unicity, assume that ¢ is a solution on £ that also satisfies the three foregoing
axioms. Let K € & be arbitrary. Then, lemma 3.3 shows that #(E) C (%) by CONS
of ¢ and COCONS of ¢ and that $(E) C ¢(£) by CONS of ¢ and COCONS of 4.
Hence, ¢(F) = ¥(E). O

4 A characterization of the Lindahl equilibrium

In this section we will consider Lindahl equilibria. We will show that these equilibria
can be characterized axiomatically using basically the same axioms of consistency and
converse consistency that we used to characterize the ratio equilibria in the previous
section. The difference between the ratio equilibria and the Lindahl equilibria emerges
from the definitions of reduced economies and from different ”starting points” (i.e., the

solutions at the level of one-person economies).

In order to be able to consider Lindahl equilibria, we have to extend our defi-
nition of economies slightly by adding the profit shares of the agents in an econ-
omy. Hence, in the current section we will consider economies of the form £ =
(N5 (w)iens (W)ien; (0 )ien; f), where the ©%s are the exogenously given (nonnegative)
profit shares of the agents, which are feasible in the sense that Sien ©F < 1. We will

denote the set of all such economies by F,

A Lindahl equilibrium consists of a level of public good production and a set of
inividualized prices, one for each agent in the economy. The prices reflect how much
each agent is willing to pay for one unit of public good. A set of prices and a leve] of
public good production constitute a Lindahl egilibrium if (1) the production of public
good is feasible, and (2) given his personalized Lindahl price and his share of the profits in
public good production, each agent maximizes his utility sub ject to his budget constraint.
Formally, if a level y of public good is produced and the agents 1,... ,n in the economy
have individualized prices p', ..., p", respectively, then the profits made with public good
production are ¥;en p'y — f(y), and agent 7 gets his share O (Xjen P’y — f(y)). Hence,
the demand set of agent 7 given the prices p is given by

Di(p)i={y € Ry | Py <w + 60X py - f(y)) and y maximizes
jeN

u'(w' — p'7+ (Y p'F — f(7)),7) over all 7 € R,
jEN



with p'y < w'+ O3 p'7 — £(7))}
€N
For a public good economy E = {N; (w')ien; (v )ien; (0))ien; f) € F, the set of Lindahl
equilibria is given by L(E) = {(p,y) € A™ x Ry | y € D¥(p) for all i € N}.

As we will show in the following, the Lindahl equilibrium on F can be characterized
using basically the same axioms of consistency and converse consistency that we previ-
ously encountered in the axiomatic characterization of the ratio equilibrium. However,
we must change the definition of reduced economies, because now we have to reduce not

with respect to ratio equilibria, but with respect to Lindahl equilibria.

Let E = (N;(w')ien; (w)ien; (0)ien; f) € F be a public good cconomy and let
SCN, S#0,and (p,y) € A™ x Ry. The reduced economy of E with respect to S and

(p,y) is
ESP) = (81 (0')cs: (u)ies; (07 )ies; 9),

where

9@ =f@ - Y, r'y

icN\S
for all ¥ € Ry. The interpretation of the reduced economy ES{P¥) is the following:
suppose the agents in NV agreed on the level y of public good and on individualized
prices p. Then, if the agents in N\S withdraw from the decision-making process, the
agents in S can reconsider the level of public good that they are going to produce.
If they do so, then they will take into account that the agents in N\S will pay their
respective prices for each unit of public good that is produced and that these agents
will get their shares of the profits that are made with public good production. Hence,
when reconsidering the production of public good, the agents in S face cost function g.

Obviously, the reduced economy is itself an element of F.

The notions of a solution on F and of consistency and converse consistency for solu-
tions on F are straightforeward adaptions of the corresponding definitions in the previous

section; thus we leave this to the reader.

It is shown in the next lemma that the Lindahl equilibrium satisfies consistency.

Lemma 4.1 The Lindahl equilibrium on the family F of public good economies is con-
sistent,

Proof. Let E = (N;(w')ien; (v)ien; {@)ien; f} € F be a public good economy. Let
S CN, S #0B and let (p,y) € L(E). It is easily seen that E5®¥) ¢ F  Let ¢



be the cost function of the reduced economy ES®¥) je. 9@ = f(¥) — 2ieN\S P
Then it holds for all (p®,%) € A® x Ry that s p'¥ — 9(§) = Yies 0’7 — f(7) +
Tien\s P = Tien 9’7 — f(¥). Hence, it follows from the fact that (p,y) € L(E) that
(0%,) € L(E5@), .

The following lemma shows that the Lindahl equilibrium also satisfies converse con-

sistency.

Lemma 4.2 The Lindahl correspondence is converse consistent on the family F of pub-
lic good economies.

Proof. Let B = (N;(w')ien; (v')ien; (0%)ien; f) € F with [N] > 2 and let (p,y) €
A" x R.. such that for every § C N, § ¢ {@, N}, it holds that (p°,y) € L(ES®PW),
Then, in particular, (p',y) € L(ETWHP¥) for each i € N. Let 1 € N and let ¢ be the cost
function of the reduced economy E{H®PY) e, ¢(7) = f(7) —Yienmy Py forally € Ry.
Then, for each ¥ € Ry it holds that p'y — ¢(¥) = Zjen #'F — f(¥). This implies that
(p',y) € L(EEHPY) indicates that y € D¥(p). Since we can do this for every i € N, it
results that (p,y) € L(E). 0

In order to characterize the Lindahl equilibrium using consistency and converse con-
sistency, we need one more axiom, namely an axiom that states what happens in one-
person economies. A solution ¢ on F satisfies one-person mazimization (OPM) if for
every one-agent public good economy E = {{i};w';u%; @} f) € F it holds that the indi-
vidual agent maximizes his utility given his initial endowment of the private good, his
personalized Lindahl price for the public good, and his share of the profits from public
good production. In formula, this means that ¢(E) = L(E).

The following lemma, which shows how the three axiom CONS, (FO CONS, and OPM

interact, is the analogon of lemma 3.3. The proof of lemma 4.3 is left to the reader.

Lemma 4.3 Let ¢ and 3 be two solutions on F that both satisfy OPM. If ¢ is consistent
and % is converse consistent, then it holds that ¢(£) C () for all E € F.

Using lemmas 4.1, 4.2, and 4.3 we obtain an axiomatic characterization of the Lindahl

equilibrium.

Theorem 4.4 The Lindahl equilibrium is the unique solution on F that satisfies QPM,
CONS, and COCONS.

Proof. Qbviously, the Lindahl correspondence satisfies OPM. Further, in lemmas 4.1
and 4.2 we proved that the Lindahl correspondence satisfies CONS and COCONS.
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Now, assume that ¢ is a solution on F that also satisfies the three foregoing axioms.
Let E € F be arbitrary. Then lemma 4.3 shows that ¢(E) C (E) by CONS of 4
and COCONS of 9 and that ¥(E) C ¢(E) by CONS of ) and COCONS of ¢. Hence,

¢(F) = H(E). O

5 Conclusions

Our work provides parallels between the theories of public and private goods provision.
Our axioms are remarkably similar to those for the Walrasian equilibrium, first given
by van den Nouweland et al. (1994). Note that the characterizations of the ratio and
the Lindahl equilibria have one less axiom than the characterization of the Walrasian
equilibrium. The extra axiom in the axiomatization in the latter case treats two-person
economies and has the consequence that all individuals face the same prices for the same
commodities. In the axiomatizations of the ratio and the Lindahl equilibria we do not
need such an axiom, because the ratios and the prices are individualized.

In this paper we have considered a special model in the sense that there is only one
private good and one public good. As remarked in the text, extending the model to
more than one public good is simple. Adding more private goods does not appear to be
enlightening — we arrive at the problem of axiomatizing private goods economies found
in van den Nouweland et al. (1994) and additional problems of public goods economies
without reaching any new conclusions.

A more interesting research topic may be to consider other equilibrium concepts in
other environments from a consistency perspective. Notions of equilibria for public good
economies that have recently been introduced include cost share equilibria by Mas-Colell
and Silvestre (1989). For economies with public goods subject to crowding, some equi-
librium concepts posit prices for public goods based on observable characteristics of
participants; see Conley and Wooders (1994). Other equilibrium concepts posit prices
for public goods based on preferences, as in this paper, Wooders (1994), Scotchmer
and Wooders (1986), Scotchmer (1994), and Vasil’ev, Weber, and Wiesmeth (1992), for
example. Conley and Wooders (1994) establish that in large economies where small
groups are effective for the realization of all gains to collective activities, equilibrium
outcomes with prices for public goods based on crowding characteristics of participants
are equivalent to equilibrium outcomes with prices for public goods based on preferences.
This equivalence suggests that economies with crowded public goods may be particu-

larly interesting situations in which to compare the axiomatic properties of equilibrium
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concepts. We plan to treat this topic in future research.
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